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Abstract. Fair discrete systems (FDSs) are a computational model of concurrent
programs where fairness assumptions are specified in terms of sets of states. The
analysis of fair discrete systems involves a non-trivial interplay between fairness
and well-foundedness (ranking functions). This interplay has been an obstacle for
automation. The contribution of this paper is a new analysis of temporal proper-
ties of FDSs. The analysis uses a domain of binary relations over states labeled by
sets of indices of compassion requirements. The use of labeled relations separates
the reasoning on well-foundedness and fairness.

1 Introduction

Fair discrete systems provide a computational model of concurrent programs where
fairness assumptions are specified in terms of sets of states [6]. The analysis of fair
discrete systems involves a non-trivial interplay between fairness and well-foundedness
(ranking functions). Its automation is a difficult task. One particular difficulty is the
design of an abstract domain that accounts for well-foundedness and fairness.

We propose an analysis that avoids such an interplay by separating the reasoning
on well-foundedness and fairness. The analysis is based on binary relations over states
that are labeled by sets of indices of fairness requirements. We apply the framework of
abstract interpretation [3], and design a concrete dorbgiss of labeled relations, an
operatorFgps on this domain whose least fixed points deternfids properties, and
an abstract domaiu?fo’ES on which approximations of least fixed points Bfps are
effectively computable.

The starting point for the design of our analysis is the doniathat consists of bi-
nary relations over states, together with an operatahat composes relations with
the transition relations of the system. This domain allows us to reason about well-
foundedness [16], but it does not account for justice and compassion requirements of
FDSs. We extend the domai to account for fairness by labeling its elements with sets
of indices of fairness requirements. We extend the composition opdralgrtaking
the labeling into account, and obtain the operdiass whose least fixed points allows
us to reason about well-foundedness and fairness. Given a set of labeled rdlatians
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constitute the least fixed point 6fps, we account for well-foundedness by considering
the relations that appear in the elementd.0fWe reason about fairness by considering
the sets of labels.

We provide an abstract domalﬁl,??éDS on which least fixed points ofrps can be
computed. The abstract the part of labeled relations that may cause the iterative fixed
point computation to diverge. This means that the abstract doﬂiﬁiﬁ consists of
abstractions of binary relations over states labeled by sets of indices of fairness require-
ments. We assume that the correspondence between the domain of relations and their
abstractions is given by a Galois connection.

Our analysis accounts for general temporal properties by applying the automata-
theoretic framework for the verification of concurrent programs [20]. We encode the
temporal property into a specification automaton. We translate the acceptance condi-
tion of the product of the automata-theoretic construction into additional fairness re-
quirements, which we handle in the same way as the fairness requirement$bfsthe
Then, we apply our analysis on the prodaDiS.

For proving the soundness and the partial completeness [2] of our analysis we de-
velop a corresponding proof rule whose auxiliary assertions are labeled relations.

We have implemented the analysis in a prototype tool, and applied it on interest-
ing examples of concurrent programs. We proved an eventual reachability property
for a concurrent program that evolves the inter-process communication via an asyn-
chronous, lossy, and corrupting channel. The property relies on the eventual reliability
of the channel, which we model by a compassion requirement. We also considered the
mutual exclusion protocolBAKERY and TICKET. For each protocol, we proved the
non-starvation property.e. the accessibility of the critical section, for the first process.
Justice requirements are needed to deal with the process idling in all examples.

Our main contribution is the analysis of temporal properties of fair discrete systems,
and the proof of its soundness and partial completeness. The analysis is based on sepa-
rating the reasoning on well-foundedness and fairness, which facilitates its automation.
We achieve the separation by building the analysis on the domain of binary relations
labeled by sets of indices of fairness requirements.

Related Work The framework of abstract interpretation provides a basis for the sys-
tematic design of a program analysis [3]. To the best of our knowledge, labeled relations
provide the first domain for the analysis of temporal properties that separates the rea-
soning on well-foundedness and fairness.

There exists verification methods for finite-state systems with state-based fairness
requirements that account for justice and compassion on the algorithmicday¢g,

11]. Experimental evaluations has confirmed the advantage of the direct treatment of
fairness (as opposed to the automata-theoretic translation inficts Bcceptance con-
dition).

For dealing with infinite-state systems, there exists proof rules for the verification
of termination [10] and general temporal properties [12] under justice and compassion
requirements that account for the fairness requirements without applying the automata-
theoretic encoding. The proof rules rely on well-founded orderings, which must be
supplied by the user. Justice requirements are handled directly by the proof rules; ver-



ification under compassion requirements is done by recursive application of the proof
rule to a transformed program. Our proof rule treats justice and compassion in a uniform
way, without program transformation.

Transition invariants provide a basis for reasoning about well-foundedness [16].
They account for the fairness given by adi accepting condition. Labeled relations
extend transition invariant to account for justice and compassion requirements imposed
on sets of statesg., for the generalized Bchi and Streett acceptance conditions.

Abstract-transition programs, introduced in [17], provide a basis for an automated
method for the verification of programs with ttransitiontbased fairness requirements.

Its accounting for well-foundedness is similar to the one via labeled relations, whereas
the treatment of fairness is based on graphs underlying abstract-transition programs.

The automata-theoretic framework of [20] is the basis of our analysis for the verifi-
cation of general temporal properties. For infinite-state concurrent programsjc¢he B
and the Streett acceptance conditions are translated to the Wodpatl (states are ac-
cepting) acceptance condition. Thus, a proof of fair termination is reduced to a proof
of termination of a program obtained from the original one by a transformation that
encodes the fairness requirements into the state space. This approach is converse to
ours.

The stack assertions based method of [7] for proving fair termination accounts for
justice and compassion requirements directly. The method requires identification of
tuples of well-founded mappings (stacks assertions), one element for each fairness re-
quirement, which must by supplied by the user. The method keeps track on fairness
through the tuple structure. No automation is described.

2 Preliminaries

Fair Discrete Systems Following [6], a fair discrete systemFpS S =
(¥,0,7,J,C) consists of:

— X a set ofstates

— ©: a set ofinitial states such tha? C X,

— 7 afinite set oftransitionssuch that each transition € 7 is associated with a
transition relationp, C X' x X,

- J ={J,...,Ji}: aset ofjusticerequirements, such that C X for eachi €
{1,...,k},
- C={{1,q1),---,{Pm,qm)}: a set ofcompassiomequirements, such that, ¢; C

X foreachi € {1,...,m}.

A computations is a maximal sequence of states s., ... such thats; is ainitial
statej.e.s; € ©, and for each > 1 there exists a transition € 7 such thats; goes to
Si+1 underp,, i.e. (s;, s;iy+1) € pr. Afinite segmens;, s; 11, ..., s; of a computation
wherei < j is called acomputation segmenithe setAcc of accessible statesonsists
of all states that appear in some computations.

A computationc = s1, so,... satisfies the set of justice requiremegtswhen
for eachJ € J there exist infinitely many positionsin o such thats; € J. The
computatiors satisfies the set of compassion requireméntghen for eachp, q) € C



eithero contains only finitely many positiorissuch thats; € p, or o contains infinitely
many positiong such thats; € g.

We observe that justice requirements can be translated into compassion require-
ments as follows. For every justice requirementve extend the set of compassion
requirements by the pai{’, J). We assume that all justice requirements are translated
into the compassion requirements, and that the set of compassion requir€reents
tains the translated justice requirements. A specialization of the analysis presented in
this paper for an explicit treatment of justice requirements is straightforward.

Automata-Theoretic Approach to Temporal Verification Given theFDS .S, we verify
a temporal property under the compassion requiremefitsy applying the automata-
theoretic framework [20]. We assume that the property is given by a (possibly infinite-
state) specification automatoty that accepts exactly the infinite sequences of states
that violate the property. We do not encode the compassion requirements into the
automaton.

Let. Ay be a Bichi automaton with the set of stat@sand the acceptance condition
F C Q. Let theFDS S|||. Ay be the product of the synchronous parallel composition of
S andAyg.

Remark 1. The=DS S with the compassion requiremer@ssatisfies the property
given by the Bchi automatondy if and only if the progran®S||. 4y terminates under
the compassion requiremeritg shown below.

Cp = {{pxQaxQ)[{p,g) €CLU{{(Y xQ, T x F)}

Domain of Transition Invariants Following [16], we define a domaifp = 2¥** of
binary relations over states ordered by the subset inclusion orderi@a this domain,
we also define an operatét. : X x Y — X x X, wherer € 7 and the symbob
denotes the relational composition, as follows.

Fr(T) = Top,

We will use the domairD and the operataF’; as a starting point for the development
our analysis.

3 Analysis

We fix aFDS S with the set of compassion requireme@tsNe define an analysis that
allows one to prove theff terminates undea?. We apply the Galois connection approach
for abstract interpretation [3] as a basis for our analysis. We assume an abstract domain
D7 that contains abstractions of binary relations over states from the damdiet
the Galois connectioria, v) formalize the correspondence between the domains
and D7,

Let |C| be the set of the indices of all compassion requirements. We obtain a domain
Deps that accounts for compassion requirements by an extensidn wfth sets of



compassion requirements.
Deps = D x 2/€1 x 2l€l
We define the ordering gps on element$§Ty, P, Q1) and(Ts, Ps, Q2) of Deps.
(T1, P, Q1) Cros (Te, P2, Q2) = Ty CTrandPy C Py and@q € Qo

We define the following auxiliary functions that map sets of states into sets of in-
dices of compassion requirements. For a set of states>’ we have

None(S) = {j € [C | SN p; = 0}, Some(S) = {j € |C| | SNq; # 0}

We canonically extend the functioM®ne andSome to binary relations. Given a rela-
tionT C X x X, we have

None(T) = U None({s1, s2}), Some(T) = U Some({s1, s2}).

(s1,52)€T (s1,82)€T

We define an operatdfrps - : Drps — Drps, Which is an extension of the operator
F- to account for compassion requirements, as follows.

Frps (T, P,Q) = (F:(T),P N None(F-(T)),Q USome(F-(T)))
Theorem 1. The operatotFps - is monotonic. Formally,
(T1, Py, Q1) Cros (To, P2, Q2) = Frps,~(Th, P, Q1) Cros Fros,- (T2, P2, Q2).

Proof. Let (T1,P1,Q1) and (Tz, P»,Q2) be two elements ofDgps such that
(T1, P1,Q1) Srps (12, P2, Q2). SinceT; C T, we have

U None({s,s'}) C U None({s, s'}),

(s,5')€T10p, (s,8')ET20p,

i.e., we haveNone(F, (1)) € None(F,(T3)). Analogously, we havBome(F,(T3)) C
Some(F;(T3)). We conclud€kps (11, Pi, Q1) Crps Frps (12, P2, Q2). O

We define the abstract counterp&,,. of the domainDeps as follows.
Dips = D# x 2/l x 2lCl
We define the ordering s on elements77, P;, Q,) and (T3, P», Q1) of Dfts.
(17, P, Q1) Clos (T, P2,Q2) = Ty E ThandPy € P> andQy C Qo

Note that we only abstract the component/afys that may allow for infinite ascend-
ing chains. We define a pair of functiofeps, veps) that connect the domain3gps
and D7ps.

aFDS(T’ PaQ) = (Oé(T),P,Q) PYFDS(T#apvQ) = (’Y(T#)’P7Q)



Lemma 1. The pair of functiongagps, vrps) is @ Galois connection betweddgps
and D ..

Proof. From the monotonicity off and« follows thatarps and~gps are monotonic.
We carry out the following transformations.

arps(yros (T#, P, Q)) = arps(v(T7#), P, Q)
= (a(y(T#)), P,Q)

Since v and o form a Galois connection, we have thaty(T#)) C T# and
hencearps (vros (T#, P, Q)) Cros (T#, P, Q). Similarly, we obtain(T, P, Q) Crps
~Yeps(arps (T, P, Q)). By Theorem 5.3.0.4 in [4], we conclude thatys andveps form
a Galois connection. O

The abstract operatdifss  : Df,s — Dips is defined below.
F%S,T(T#apr) = arps(Frps.- (yrps(T7, P, Q)))
We extendFF#,;S)T to the full set of transitiong".
FIZQI#DS(T#vpvQ) = {Flz%)SJ(T#vPvQ) | TE T}

The monotonicity of the fixed point operatéjfés is a direct consequence of The-
orem 1 and the monotonicity of the abstraction/concretization functions. By Tarski's
fixed point theorem, the least fixed pointl@,fgs exists. We denote the least fixed point
of F,s above the basi§(a(p, ), None(p, ), Some(p,)) | T € T} by Ifp(Fihs, 7). We
computelfp(FF#Ds,T) in the usual fashion. If the range of the abstraction function
does not allow infinite ascending chains then the fixed point computation always termi-
nates after finitely many iterations.

We show our analysis for termination of tf®S .S under the compassion require-
mentsC on Figure 1. For proving the soundness and partial completeness of our anal-
ysis we will develop a corresponding proof rule, whose auxiliary assertions denote el-
ements of the domaifrps. The partial completeness property, following [2], requires
that the analysis gives a positive answer fafzs that terminates under compassion
requirements’ in case the abstract domalthS satisfies the following property. It
contains an abstract valug” that satisfies the condition which the analysis imposes
onlfp(Fihe, T).

Theorem 2. The analysis shown on Figure 1 is sound and partially complete.

Proof. See Section 5. O

We apply our analysis on general temporal properties of fair discrete systems as
follows. Let¥ be a temporal property given by dighi automatordy . Note that we do
not encode the fairness requirements into the specification autordgtoRollowing
Remark 1, we build a newDS S|||. Ay together with the set of compassion require-
mentsC);. For proving that thé=DS S satisfies the property under the compassion
requirementg we apply our analysis of|||Ag.



input
FDS S with: statesY’, transitions7’, compassion requirements
abstract domai# with:
abstraction functiom : 2¥** — D#
concretization functiory : D# — 2%x¥
begin
Fihs = MT#,P,Q). {(a(pr o (T*)),
P N None(p- o W(T#))
Q U Some(p- o fy(T#))) |TeT}

L# = Ifp(Ffs, T)
if foreach (%, P,Q) in L*
PUQ #|C| or well-founded(y(T#))
then
return (“FDS S terminates undet”)
end.

Fig. 1. Analysis of termination for a fair discrete syste&frunder compassion requiremets

We account for temporal properties given by generalizédiBand Streett automa-
ton in a straightforward way. For this purpose, we use a direct translation of the general-
ized Buchi and Streett acceptance conditions into compassion requirements, following
the lines of the translation shown in Remark 1.

4 Proof Rule

In this section, we show a proof rule for the verification of fair discrete systems. The

auxiliary assertions of the proof rule, call&beled relationsdenote elements of the

domainDgps used by our analysis. The correspondence between the proof rule and the

analysis will allow us to prove Theorem 2, which states the analysis’ correctness.
Informally, a labeled relation is a tripll’, P, Q) consisting of a binary relatio#

over states, and the sets of compassion requireni®alsLabeled relations capture sets

of computations segments. A computation segment. ., s,, is captured byT, P, Q)

if the pair (s1,s,) is an element of’, and the infinite sequendgs,...,s,)*, i.e.

the infinite concatenation of the segment with itself, satisfies only those compassion

requirements whose indices are in theBet Q. We give a formal definition of labeled

relations below.

Definition 1 (Labeled Relation).A labeled relatior(T', P, Q) consists of a binary re-
lation T C X x X and two sets of indicedabely P,Q C |C|. The labeled relation
(T, P, Q) capturesa computation segmest, . .., s, if the following conditions hold:

(s1,8n) €T, None({s1,...,sn}) C P, Some({s1,...,s,}) C Q.

We writeseg(T, P, Q) for the set of all computation segments that are captured by the
labeled relation(T, P, Q).



The following theorem allows us to separate the reasoning on well-foundedness and
fairness.

Theorem 3. TheFDS S terminates under the set of compassion requirem@ritgnd
only if there exist labeled relation&’, P, Q1), - .., (Th, P, Q) such that 1) every
computation segment 6fis captured by some labeled relation from the set, and 2) for
every labeled relation(T, P, Q) in the set eitheiC| # P U Q or the relationT is
well-founded.

Proof. (if-direction) For a proof by contraposition, assume that 1) a finiteLset
labeled relations captures every computation segment, 2) for(@a¢h Q) € L holds
that eitherlC| # P U Q or the relatior” is well-founded, and 3§ does not terminate
under the compassion requireme@itdVe will show that there exists a labeled relation
(T, P,Q) in L such that the relatiofi is not well-founded an{C| = P U Q.

By the assumption thaf does not terminate undé there exists an infinite com-
putationo = s1, s3, ... that satisfies all compassion requirements.

We partition the sefC| of indices of compassion requirements into two subjghts
and|C|? as follows. An indexj (of the compassion requiremefpt;, ¢;)) is an element
of the subsetC|” if there exist only finitely many positionsin o such thats; € pj;
otherwise;j is an element of the subs€]?. There exists a positionsuch that for each
i > r and for eacly € |C|” we haves; ¢ p;.

Let H = hy, hs,... be an infinite ordered set of positionsdnsuch thath; = r
and for each > 1 and for eacly € |C|? there exist a positioh between the positions
h; andh; 41 with s;, € ¢;. Sinceo satisfies all compassion requirements such dkset
exists.

For the fixeds and the fixedH, we choose a functioyi that maps an ordered pair
(k,1), wherek < [, of indices inH to one of the labeled relations inas follows.

f(k,l) = (T,P,Q) € L suchthafsg,...,s) € seg(T,P,Q)

Such a functionf exists since every computation segment is captured by some labeled
relation in L. The functionf induces an equivalence relation on ordered pairs of
elements fron .

(k’l) ~ (klvl/) = f(k7l) = f(k/vl/)

The equivalence relatior has finite index since the range pfs finite.

By Ramsey’s theorem [18], there exists an infinite ordered set of positions
k1,ka,..., wherek; € H for all i > 1, with the following property. All pairs of
elements inK belong to the same equivalence class, gay, n)]. with m,n € K.
That is, for allk, ! € K such that < [ we have(k,l) ~ (m,n). We fix m andn. Let
(Tonns Pmn, Qmn) denote the labeled relatigf{m, n).

Since for alli > 1 we have(k;, k;+1) ~ (m,n), the functionf maps the pair
(ki, kix1) 10 (Trun, P, @mn) for all i > 1. Hence, the infinite sequensg, , s, - - -
is induced by the relatioff,,,,, i.e, for all i > 1 we have(sg,, sk € Tpn. We
conclude that the relatian,,,, is not well-founded.

By the choice ofH the following claims hold. For every > k; and for every
j € |C|” the states; is not an element af;. For everyi > 1 and for every; € |C|? there

i+1)



exists a positiort between the positionig andk;; such thak; € ¢;. Hence, for every
i > 1 the infinite sequencesy,, . . ., sk, )* satisfies all compassion requirements. We
concludelC| = P U Q-

(only if-direction) is shown after the proof of Theorem 4 in this section. O

We formalize the correspondence between labeled relations and the ingredients of
our analysis by the lemmas below. The orderings approximates the subset inclusion
ordering between the sets of computation segments captured by labeled relations, as
shown in Lemma 2.

Lemma 2. The relationCgps is an approximation of the entailment relation between
the sets of computation segments that are captured by two labeled relations. Formally,

(T1, P1,Q1) Crps (T2, P2, Q2) = seg(Th, P1, Q1) C seg(Ts, P2, Q2).

Proof. Let the computation segment,...,s, be captured by the labeled rela-
tion (T17 Py, Ql) From (Th P, Ql) Crps (TQ, Py, Qg) and the definition of labeled
relations, we directly obtaifsy, . . ., s,) € seg(Ts, P, Q2). |

The operatoffps - is ‘compatible’ with the composition of computation segments, as
formalized in Lemma 3.

Lemma 3. Every extension of a computation segment that is captured by a labeled
relation (T, P, Q) by a segment consisting of a pair of states in a transition relgtipn
is captured by the application of the operatBps - on (T, P, Q). Formally,

(Sla .- '75’”) € Seg(T, PaQ) and(Sn,Sn_;,_l) € pr =
(815+ -+, 8n, 8n41) € seg(Frps (T, P, Q)).

Proof Letsy,...,s, be a computation segment that is captured by the labeled re-
lation (T, P, @), and let(s,, s,+1) be an element of the transition relatipn. By
the definition of labeled relations, for the set of indices of compassion requirements
P, = None({s1,...,s,}) we haveP, C P. Furthermore, for the set of indices
P, 11 = None({s1,...,8n,Snt1}) holdsP, 1 C None({s1, sn+1}) € None(T o p;)
andP,, 11 C P,. Hence, we havé#, .1 C P andP, 1 C None(T o p,). We conclude
P,+1 € PN None(F.(T)).

Analogously, we hav8ome({si,...,s,}) C @, and, hence, for the set of indices
Qnt1 = Some({s1,...,Sn, Snt1}) holdsQ, 1 C QU Some(F,(T)).

The pair of statessy, s,,11) is an element of the relational compositiBia o, since
(s1, sn) Is an element of the relatidfi. We conclude that,, ..., s,, s,+1 iS captured
by FF[)S,-,—(T7 P, Q) O

We canonically extend the ordering-ps to sets of labeled relations, formally
L Crps M = V(T1,P1,Q1) € L (1o, P2, Q2) € M. (T1, Py, Q1) Cros (12, P, Q2).
We canonically extend the operatBips . to sets of labeled transitions, formally

FFDS,T(L) = {FFDS,T((T’ P’Q)) | (T7 P’Q) € L}



FDS S with:
set of states,
set of compassion requiremeigts
set of transitiong,
Set of labeled relations = {(T1, P1,Q1), ..., (Tn, Pn, Qn)} with:
T; C XY x XYandP;,Q; C|C|foralli e {1,...,n}
P1: (p-,None(p-),Some(p;)) Crps L foreachr € T
P2: Frps,-(L) Crps L foreachr € T

P3: P,UQ; #|C|orT; well-founded foreach € {1,...,n}

FDS S terminates under compassion requireménts

Fig. 2. Proof rule COMP-TERM.

We show a proof rul€OMP-TERMfor verifying the termination of fair discrete systems
under compassion requirements on Figure 2. By applying Theorem 3, we reduce this
termination proof to the problem of identifying of a set of labeled relation that captures
every computation segment 8f The premises P1 and P2 identify such sets of labeled
relations, which is justified by Lemma 4.

Lemma 4. A set of labeled relations for the programsS that satisfies the premis@&i
andP2of the proof ruleCOMP-TERMcaptures every computation segment.

Proof. Given a set of labeled relatiodsthat satisfies the premises P1 and P2 of the
proof ruleCOMP-TERM we show that every computation segment is captured by some
labeled relation irl. by the induction over the segment length.

Let s1,s2 such that(s;,s2) € p., wherer is a program transition, be a
computation segment. Fromone({s1,s2}) € None(p,) and Some({s1,s2}) C
Some(p,) follows directly that the segment;, s, is captured by the labeled
relation (p-, None(p.),Some(p,)). By Lemma 2 and the premise P1, the seg-
ment sy, so is captured by some labeled relation i, which is Cgps-greater
than(p., None(p.), Some(p.)).

The induction assumption is that the computation segment . | s, is captured by
a labeled relatioT, P, Q) from L. Let (s,, s,+1) be an element gf.. By Lemma 3,

we have(sy, ..., Sp, Snt1) € seg(Frps,- (T, P,Q)). Analogously to the base case, the
segmentsy, ..., S,, Sp+1 IS captured by some labeled relation fin which is Cgps-
greater thaFrps - (T, P, Q). O

The premise P3 accounts for well-foundedness and fairness.
Theorem 4. The proof ruleCOMP-TERMis sound and complete.

Proof. The soundness of the proof rule follows directly from théirection of Theo-
rem 3, and Lemma 4.

For proving completeness, we assume thafthg .S terminates under the compassion
requirement®. We construct a sel of labeled relations that satisfies all premises of
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the proof ruleCOMP-TERM Let L be the set of labeled relations defined as follows.
For each pair of sets of indicd3 C |C| and@ C |C| let (T, P, Q) be a labeled relation
in L such that a pair of statgs, s’) is an element of the relatiof if there exists a
computation segment, . .., s, such thats; = s, s, = s', P = None({s1,...,s,}),
and@ = Some({s1,...,8n}).

We prove thatl satisfies all premises of the proof rid®MP-TERM We make the
following assumptions on the transition relations wherer € 7.

Assumption 1 For every pair(s, s’) of states in the transition relatiop,, wherer €
7T, the sequence, s’ is a computation segment.

This assumption is not a proper restriction. We can assume that the transition relations
are restricted to the accessible states. Alternatively, we may use a weaker version of the
proof rule that restricts the transition relations in the premise P1 to the accessible
statesAcec.

Assumption 2 For each transitionr € 7 there exists two sets of indicésand @
of compassion requirements such that for every pgajr’) of states inp, we have
P = None({s, s'}) and@ = Some({s, s'}).

This assumption can be fulfilled by splitting every transition relation according to the
sets that appear in the fairness requirements. Now we provelttsatisfies every
premise of the proof rule.

Premise P1 We show that for every program transition € 7 the condition
(pr,None(p,),Some(p,)) Ceps (T, P, Q) holds for the labeled relatiafT’, P, Q) € L
such that? = None(p,) and@ = Some(p, ). We need to prove, C T. For every pair
of states(s, s’) in p, the sequencs, s’ is a computation segment, by Assumption 1.
Furthermore, we havlone({s, s'}) = P andSome({s, s'}) = Q, by Assumptior2.
Hence, by construction of the labeled relatidh P, Q), the pair(s, s’) is an element
of the relationT".

PremiseP2 We show that for every labeled relatid@y, P, Q1) € L and for every
transitionr € 7 holds Frps (1, P1,Q1) Crps (T2, Po, Q2), Where(Ty, Py, Q2)

is the labeled relation i such thatP, = P, N None(F.(T1)) and Q2 = @1 U
Some(F-(T1)). We need to prové; o p, C Ts.

We note the following auxiliary statement. For every pairs’) of states irll; we
haveP; C None({s}), Some({s}) C Q1, P, C None({s'}), andSome({s'}) C Q;.
To justify the statement above for the péi, s’) € T;, we consider a computation
segments, ..., s’ that is captured by7y, P, Q1) such thatNone({s,...,s'}) = P,
andSome({s, ..., s'}) = Q1, which exists by construction df/}, P, Q1). From the
definitions ofNone andSome, our auxiliary statement follows directly.

Now we are ready to prové; o p, C T,. For a pair of state$s,,s,) € Ty
there exists a computation segment. . ., s,, that is captured by the labeled relation
(Tl, Py, Ql) such thatNone({sl, ey Sn}) =P and Some({sl, ey Sn}) = an
by construction of(Ty, P;,Q1). By Lemma 3, for a pair of state§s,,s,t1) €
p- the computation segment,...,s,, s, +1 iS captured by the labeled relation

11



Frps.-(Th, P1, Q1). Next, we prove the equalities

None({sl, ey Sn, Sn+1}) = Pl N NOﬂe(FT(T1)>
Some({s1,...,8n,Snt+1}) = Q1 U Some(F,(1T1)),

from which (s1, s,+1) € T5 follows directly, by construction of %, P>, Q2). We fol-
low the chain of observations below.

None({s1,. .., Sn, Sn+1})
= Pl m NOHE({Sm S7l+1})

= P, N None({sn, Snt+1}) N U None({s}) sinceP; C None({s})
(s,8")ET,(s",s")Ep~

=P N U (None({s}) N None({sn, Sn+1}))
(s,8")ET,(s",8")Epr

=P N U (None({s}) N None({s,s"})) by Assumptior2
(s,8")ET,(s",8")Epr

= (None({s, s"}) N None({s'}) N P)

(s,5)€Ty (5" 5" Ep-

= (None({s,s"}) N Py) sinceP; C None({s'})
(s,s/)ETl,(s/,s”)EpT
= P, N None(F-(T1))

The proof ofSome({s1, ..., Sn, Sn+1}) = Q1 U Some(F,(T1)) is analogous.
PremiseP3 We show, by contraposition, that for every labeled relatibnP, Q) in L
such thatP U @ = |C| we have that the relatidfi is well-founded.

Assume that there exists an infinite sequence of states’,... such that for
all i > 1 the pair(s?,s'™!) is an element off’, i.e, the relationT is not well-
founded. By construction dff’, P, Q), the states! is accessible from some initial state
s1 € O©. Furthermore, for all > 1 there exists a computation segmésit . .., s'*1) €
seg(T, P,Q) that connects the state$ and s‘*1. For connecting the state$ and

s't1 we choose a computation segment such thate({s’,...,s""'}) = P and
Some({s',...,s""1}) = Q. Such a segment exists by construction(Bf P, Q). We
conclude that there exists an infinite computatiog sq,...,s',...,s2,.... Next, we

prove thatr satisfies all compassion requirements.

For eachj € P we have thap;-states does not appear én For eachj € @
and each > 1 we have that some;-state appear in the segmesit. .., s**!. Since
P UQ = |C|, the computatiom satisfies all compassion requirements.

There is a contradiction to our assumption tBaerminates under the compassion
requirements. |

Proof. Theorem 3 ¢nly if-direction) The set of labeled relations constructed in the
completeness part of the proof of Theorem 4 satisfies all premises of the proof rule
COMP-TERM By Lemma 4, such a set captures all computation segments. Hence,
whenever theFDS S terminates under the compassion requireménthere exists a
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set of labeled relationk such that for eaclil’, P, Q) € L we have eithe U Q # |C|
or the relatiorl” is well-founded. O

We obtain a proof rule for the verification of general temporal properties of fair
discrete systems by following Remark 1. We account for temporal properties given by
a generalized Bchi automaton or a Streett automaton in a straightforward way, since
the generalized Bchi and the Streett acceptance conditions are directly expressible as
compassion requirements.

5 Correctness of the Analysis

We prove the soundness of the analysis as follows. First, we observe that the abstract
least fixed pointfp(F,fES, T) represents a finite set of labeled relations
L = {(4(1),P.Q) | (T.P,Q) € fp(Fps, T)}

that satisfies the premises P1 and P2 of the proofCd®P-TERM This observation
holds since the operatﬂgﬁs is a conservative approximation of the operdtpss, due
to the Galois connectiofueps, veps ). Hence, whenever the analysis gives the positive
answer then the sétsatisfies all premises of the proof rule. By Theorem 4, we conclude
the analysis is sound.

The partial completeness of the analysis follows from the completeness of the proof
rule. We assume that ttRbS S terminates under the compassion requireméntset
L be a finite set of labeled relations that satisfies all premises of the proof rule. Such
a set exists, by Theorem 4. Let the abstract donigjs contains an abstract value
L7 such thatl, = yrps(L7). By Theorem 13 in [2], we conclude that the least fixed
point pr(F,fgS, 7)) computed onD,f’éDS satisfies the condition that leads to the positive
answer.

6 Applications

We have implemented the analysis in a prototype tool using SICStus Prolog [8] and
its built-in solver for linear arithmetic [5]. We applied the tool on several examples,
described below.

In our implementation, we have instantiated the abstract dorﬁé@g by a set of
abstract transitions. Abstract transitions are conjunctions of transition predicates from
some fixed, finite seP [17]. A transition predicate denote a binary relation over states,
and is represented by an atomic proposition over unprimed and primed program vari-
ablese.g.2’ < x — 1. The abstraction of a relatidhi is the abstract transitiohi# such
thatT entails the relation denoted by*. The meaning of the concretization function
~ is identity. We represent the relation§T'#) by a ‘simple’ program that consists of
a single while loop with only update statements in the loop body, following [16, 17].
There exist a number of well-foundedness tests for the class of simple while programs
that are built using linear arithmetic expressions [1, 15, 19]. Our tool implements the
test described in [15].
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local o : channel [1..] of integer
[local z : integer where z = 0]
{o: loop forever do local y : integer where y = 0
li:x:=x+1 mo: while y = 0 do
. B:a<=x . mi:a =1y
Py or P ms: while y > 0 do
ly: | £5: skip mg:y:=y—1
or my:
L l5:a<=0 ]

Fig. 3. Program CORR-ANY-DOWN.

We give a brief description of the programs; Table 6 shows the collected statistics.
We start with the prograr@ORR-ANY-DOWN, shown on Figure 3. The communication
between the processes of the progra®RR-ANY-DOWN takes place over an asyn-
chronous channel. The channek is unreliable. Messages sent over the channel can
be transmitted correctly, get lost or corrupted during the transmission. The transition
«a < z models a correct transmissiakip models the message loss, ane= 0 models
the message corruption [14]. We prove that the eventual reachability of the logation

This property relies on the assumption that the value of the varialideeventu-
ally communicated to the variablg i.e., that the channel is eventually reliable. We
model the eventual reliability by a compassion requirendeqt/;, at_¢3) that ensures
a successful transmission if there are infinitely many attempts to send a message.

The eventual reliability of the communication channel is in fact not sufficient for
proving termination. We also need to exclude computations in which one of the pro-
cesses idles forever in some location. Hence, we introduce a justice requirement for
each locatione.g.—at_¢; and—(at_mg Ay = 0). We model the asynchronous commu-
nication channeb by an integer array of infinite size. We keep track of the positions
in the array at which the read and write operations take place, as well as the position at
which the first successfully transmitted value is written.

The progranBAKERY is a simplified version [13] of the Bakery mutual exclusion
protocol [9] for two processes. We verify the starvation freedom for the first process.
This means that whenever it leaves the non-critical section, it will eventually reach the
critical section. The property relies on justice assumptions that none of the processes
idles forever in some location.

The progranTICKET is another mutual exclusion protocol. We verify the starvation
freedom property for the first process. It requires the same kind of fairness requirements
as the prograrBAKERY .

7 Conclusion
We have presented an analysis of temporal properties of fair discrete systems. Our anal-

ysis relies on the domain of labeled relations, which provides the separation of well-
foundedness and fairness. We have successfully applied our analysis to verify temporal
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|

IL I I |
Number of justice requirements  [[10 5 5

Number of compassion requiremenfid 0 0
Number of transition predicates 19 7 11
Least fixed point computation, sec ||363.2 |2.7 34
Well-foundedness tests, sec 0.5 0.03 0.04

Table 1. Analysis of the programs CORR-ANY-DOWN (I), BAKERY (IlI), and TICKET (lll).

properties of interesting programs. The verified properties rely on justice and compas-
sion requirements.
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